
 

ℤ1 

01ℤ
) 𝑛

A 𝑛5𝑛7
B 𝑘 ∈ ℕ7 5202320231444202120232025512𝑘+61918𝑘+440196219625091252𝑘+1
C 𝐴𝑛 = 4 × 56𝑛+3 + 52966 + 20222𝑛+1 + 1
• 𝑛𝐴𝑛7
D 𝐵𝑛 = 5𝑛 × 56𝑛+1 − 56𝑛+2 + 3𝑛 × 196𝑛+2
 / 𝑛𝐵𝑛 ≡ 56𝑛+2 × (4𝑛 − 1)[7]
 / 𝑛𝐵𝑛7

) 

A 𝑛{5𝑛 + 56𝑛+2 − 56𝑛 + 3𝑛 − 2 ≡ 0[7]                                              5𝑛 ≡ 4[6]
B 𝑛5𝑛 + 6𝑛 + 7𝑛 + 8𝑛 + 9𝑛 ≡ 0[7]
) 𝑛

• 56𝑛 + 𝑛2 − 2𝑛 − 1 ≡ 0[7]
• 2 × 56𝑛+2 − 56𝑛 + 2𝑛2 − 𝑛 − 1 ≡ 0[7]
• {𝑁 = 1𝑛302015𝑁 ≡ 0[7]           

) ℤ2(𝐸)𝑥𝑦1075𝑥 − 1505𝑦 = 645… (𝐸)
A 𝑥5𝑥 ≡ 3[7]
B 10751505
C (𝐸)ℤ2
D (𝑥0; 𝑦0)(𝐸)(𝐸)
E (𝑥; 𝑦)5𝑥 − 7𝑦 = 14… (𝐹) 𝑥7(𝐹)
F 𝑑𝑥𝑦𝑥𝑦 (𝐸)
 / 𝑑
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ℤ2 

 / (𝑥; 𝑦){|𝑥 − 𝑦| ≤ 3𝑑 ≠ 1
) 

A 2150
B 2510
C 𝐷 = 𝑃𝐺𝐶𝐷(10750; 15050)𝑀 = 𝑃𝑃𝐶𝑀(10750; 15050)
• 𝐷𝑀
D 110010750𝛼 15050𝛽𝛼𝛽
 / 
 / 𝛼𝛽
) (𝑆){ 𝑛 ≡ 2[3]𝑛 ≡ 7[8]  𝑛 ∈ ℕ
A 2015(𝑆)
B 𝑛0(𝑆) 𝑛(𝑆){𝑛 − 𝑛0 ≡ 0[3]𝑛 − 𝑛0 ≡ 0[8]
C 𝑛(𝑆)𝑛 ≡ 23[24](𝑆)
D 

387
• 100130

 

 

 

08042023
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ℤ3 

01ℤ
I)  

A 5𝑛7 50 ≡ 1[7]51 ≡ 5[7]52 ≡ 4[7]53 ≡ 6[7]54 ≡ 2[7]55 ≡ 3[7]56 ≡ 1[7]

5𝑛 ≡ 𝑛 = 16𝑘 56𝑘 + 1 4 6𝑘 + 2 66𝑘 + 3 26𝑘 + 4 36𝑘 + 5 [7]𝑘 ∈ ℕ
B 7 5202320231444202120232025512𝑘+6518𝑘+1 4019621962505152𝑘+1

• 5202352023 ≡ 53(337)+1[7]52023 ≡ 5[7]
• 202314442023 ≡ 0[7]20231444 ≡ 01444[7]20231444 ≡ 0[7]
• 2021202320252023 ≡ 1[6]20232025 ≡ 12025[6]20232025 = 6𝑘 + 1𝑘 ∈ ℕ 2021 ≡ 5[7]202120232025 ≡ 520232025[7]202120232025 ≡ 56𝑘+1[7]202120232025 ≡ 5[7]
• 512𝑘+6512𝑘+6 ≡ 56(2𝑘+1)[7]512𝑘+6 ≡ 56𝑘′[7]𝑘′ ∈ ℕ 512𝑘+6 ≡ 1[7]
• 1918𝑘+41918𝑘+4 ≡ 56(3𝑘)+4[7]1918𝑘+4 ≡ 56𝑘′+4[7]𝑘′ ∈ ℕ 1918𝑘+4 ≡ 2[7]
• 401962401962 ≡ 56(327)[7]401962 ≡ 56𝑘[7]

401962 ≡ 1[7]
• 19625091962509 ≡ 26(84)+5[7]1962509 ≡ (−5)6𝑘+5[7]𝑘 ∈ ℕ 1962509 ≡ (−1 × 5)6𝑘+5[7]1962509 ≡ (−1)6𝑘+5 × (5)6𝑘+5[7]1962509 ≡ −1 × 3[7]1962509 ≡ 4[7]
• 1252𝑘+11252𝑘+1 ≡ 62𝑘+1[7]1252𝑘+1 ≡ (−1)2𝑘+1[7]1252𝑘+1 ≡ −1[7](2𝑘 + 1) 1252𝑘+1 ≡ 6[7]
C 𝐴𝑛7𝐴𝑛 ≡ 4 × 56𝑛+3 + 52966 + 20222𝑛+1 + 1[7]𝐴𝑛 ≡ 4 × 56𝑛+3 + 56(294)+2 + 62𝑛+1 + 1[7]𝐴𝑛 ≡ 4 × 6 + 4 + (−1)2𝑛+1 + 1[7]𝐴𝑛 ≡ 4 × 6 + 4 − 1 + 1[7]𝐴𝑛 ≡ 28[7]𝐴𝑛 ≡ 0[7]𝐴𝑛7𝑛 ∈ ℕ
D 

 / 𝐵𝑛 ≡ 56𝑛+2 × (4𝑛 − 1)[7]𝐵𝑛 ≡ 5𝑛 × 56𝑛+1 − 56𝑛+2 + 3𝑛 × 196𝑛+2[7]𝐵𝑛 ≡ 𝑛 × 56𝑛+1+1 − 56𝑛+2 + 3𝑛 × 56𝑛+2[7]𝐵𝑛 ≡ 𝑛 × 56𝑛+2 − 56𝑛+2 + 3𝑛 × 56𝑛+2[7]𝐵𝑛 ≡ 56𝑛+2(4𝑛 − 1)[7]
 / 𝑛𝐵𝑛7 𝐵𝑛 ≡ 0[7]56𝑛+2(4𝑛 − 1) ≡ 0[7]4(4𝑛 − 1) ≡ 0[7]

{4𝑛 − 1 ≡ 0[7]4 ≡ 0[7]4 ≡ 0[7]4𝑛 − 1 ≡ 0[7]4𝑛 ≡ 1[7]8𝑛 ≡ 2[7]
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ℤ4 

𝑛 ≡ 2[7]𝑛 = 7𝑘 + 2𝑘 ∈ ℕ
II) 

A 𝑛{5𝑛 + 56𝑛+2 − 56𝑛 + 3𝑛 − 2 ≡ 0[7]                                              5𝑛 ≡ 4[6] 5𝑛 ≡ 4[6]−𝑛 ≡ 4[6]𝑛 ≡ −4[6]𝑛 ≡ 2[6]𝑛 = 6𝛼 + 2𝛼 ∈ ℕ5𝑛 + 56𝑛+2 − 56𝑛 + 3𝑛 − 2 ≡ 0[7]56𝛼+2 + 56𝑛+2 − 56𝑛 + 3𝑛 − 2 ≡ 0[7]4 + 4 − 1 + 3𝑛 − 2 ≡ 0[7]3𝑛 + 5 ≡ 0[7]3𝑛 ≡ −5[7]3𝑛 ≡ 2[7]−2 × 3𝑛 ≡ −2 × 2[7]−6𝑛 ≡ −4[7]𝑛 ≡ 3[7]𝑛 = 7𝛽 + 3𝛽 ∈ ℕ{5𝑛 + 56𝑛+2 − 56𝑛 + 3𝑛 − 2 ≡ 0[7]                                              5𝑛 ≡ 4[6]{𝑛 = 6𝛼 + 2𝑛 = 7𝛽 + 36𝛼 + 2 = 7𝛽 + 36𝛼 = 7𝛽 + 16𝛼 ≡ 1[7]−𝛼 ≡ 1[7]𝛼 ≡ 6[7]𝛼 = 7𝑘′ + 6𝑘′ ∈ ℕ 𝛼𝑛 = 6𝛼 + 2𝑛 = 6(7𝑘′ + 6) + 2𝑛 = 42𝑘′ + 38
B 𝑛5𝑛 + 6𝑛 + 7𝑛 + 8𝑛 + 9𝑛 ≡ 0[7]5𝑛 + 6𝑛 + 7𝑛 + 8𝑛 + 9𝑛 ≡ 0[7]5𝑛 + (−1)𝑛 + 0𝑛 + 1𝑛 + 2𝑛 ≡ 0[7]5𝑛 + (−1)𝑛 + 1 + (−5)𝑛 ≡ 0[7]5𝑛 + (−1)𝑛 + 1 + (−1)𝑛(5)𝑛 ≡ 0[7]5𝑛 + (−1)𝑛 + (−1)𝑛(5)𝑛 ≡ 6[7]

𝑛5𝑛 + (−1)𝑛 + (−1)𝑛(5)𝑛 ≡ 6[7]5𝑛 + 1 + 5𝑛 ≡ 6[7]2 × 5𝑛 ≡ 5[7]−6 × 5𝑛 ≡ −15[7]5𝑛 ≡ 6[7]

𝑛 = 6𝑝 + 3𝑛 𝑛5𝑛 + (−1)𝑛 + (−1)𝑛(5)𝑛 ≡ 6[7]5𝑛 − 1 − 5𝑛 ≡ 6[7]−1 ≡ 6[7]6 ≡ 6[7]𝑛 = 2𝑘 + 1𝑘 ∈ ℕ 𝑛5𝑛 + 6𝑛 + 7𝑛 + 8𝑛 + 9𝑛 ≡ 0[7] 𝑛 = 2𝑘 + 1
III) 𝑛

• 56𝑛 + 𝑛2 − 2𝑛 − 1 ≡ 0[7]56𝑛 + 𝑛2 − 2𝑛 − 1 ≡ 0[7]1 + 𝑛2 − 2𝑛 − 1 ≡ 0[7]𝑛2 − 2𝑛 ≡ 0[7]𝑛(𝑛 − 2) ≡ 0[7][7]6543210 𝑛 ≡ [7]4321065 𝑛 − 2 ≡ [7]3114060 𝑛(𝑛 − 2) ≡
56𝑛 + 𝑛2 − 2𝑛 − 1 ≡ 0[7]𝑛 ∈ {(7𝑘); (7𝑘 + 2): 𝑘 ∈ ℕ}

• 2 × 56𝑛+2 − 56𝑛 + 2𝑛2 − 𝑛 − 1 ≡ 0[7]2 × 56𝑛+2 − 56𝑛 + 2𝑛2 − 𝑛 − 1 ≡ 0[7]2 × 4 − 1 + 2𝑛2 − 𝑛 − 1 ≡ 0[7]2𝑛2 − 𝑛 − 1 ≡ 0[7]2 (𝑛 + 12) (𝑛 − 1) ≡ 0[7](2𝑛 + 1)(𝑛 − 1) ≡ 0[7] [7]6543210 𝑛 ≡ [7]5432106 𝑛 − 1 ≡ [7]64205312𝑛 + 1 ≡ [7]2160506(2𝑛 + 1)(𝑛 − 1) ≡
2 × 56𝑛+2 − 56𝑛 + 2𝑛2 − 𝑛 − 1 ≡ 0[7]𝑛 ∈ {(7𝑘 + 1); (7𝑘 + 3): 𝑘 ∈ ℕ}

• {𝑁 = 1𝑛302015𝑁 ≡ 0[7]           𝑁 = 1𝑛3020151 + 2(5)2 + 3(5)4 + 𝑛(5)5 + (5)6𝑁 ≡ 0[7] 1 + 2(5)2 + 3(5)4 + 𝑛(5)5 + (5)6 ≡ 0[7]1 + 2 × 4 + 3 × 2 + 3𝑛 + 1 ≡ 0[7]3𝑛 ≡ −2[7]−2 × 3𝑛 ≡ −2 × 5[7]−6𝑛 ≡ −10[7]𝑛 ≡ 4[7]
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ℤ5 

𝑛 = 7𝑘 + 4𝑘 ∈ ℕ
IV) 

A 𝑥5𝑥 ≡ 3[7] 5𝑥 ≡ 3[7]3 × 5𝑥 ≡ 3 × 3[7]15𝑥 ≡ 9[7]𝑥 ≡ 2[7]𝑥 = 7𝑘 + 2𝑘 ∈ ℤ
B 10751505

1505 = 1075(1) + 430 1075 = 430(2) + 215430 = 215(2) + 0 𝑃𝐺𝐶𝐷(1075; 1505) = 215
C (𝐸)ℤ2 215 |  645(𝐸)ℤ2
D (𝑥0; 𝑦0)(𝐸) 215 = 1075 − 430(2)215 = 1075 − (1505 − 1075)(2)215 = 1075(3) − 1505(2)215 × 3 = 1075(3 × 3) − 1505(2 × 3)645 = 1075(9) − 1505(6)(9; 6)(𝐸)

• (𝐸)(𝐸): 1075𝑥 − 1505𝑦 = 645(𝐸′): 5𝑥 − 7𝑦 = 3
{ 5𝑥 − 7𝑦 = 35(9) − 7(6) = 3

5(𝑥 − 9) − 7(𝑦 − 6) = 05(𝑥 − 9) = 7(𝑦 − 6)7 |  5(𝑥 − 9)5 |  7(𝑦 − 6) 7 ∧ 5 = 17 |  𝑥 − 95 |  𝑦 − 6𝑥 − 9 = 7𝑘𝑦 − 6 = 5𝑘𝑘 ∈ ℤ 𝑥 = 7𝑘 + 9𝑦 = 5𝑘 + 6 𝑥 = 7𝑘 + 2𝑦 = 5𝑘 + 1 (𝑥; 𝑦)ℤ2(𝐸)(𝑥; 𝑦) ∈ {(7𝑘 + 2; 5𝑘 + 1): 𝑘 ∈ ℤ}
5𝑥 − 7𝑦 = 35𝑥 = 7𝑦 + 3

5𝑥 ≡ 3[7]𝑥 = 7𝑘 + 2𝑥(𝐸′)5(7𝑘 + 2) − 7𝑦 = 3𝑦 = 5𝑘 + 1(𝑥; 𝑦)ℤ2(𝐸)(𝑥; 𝑦) ∈ {(7𝑘 + 2; 5𝑘 + 1): 𝑘 ∈ ℤ}
E (𝑥; 𝑦) (𝐹)𝑥7 5𝑥 − 7𝑦 = 145𝑥 = 14 + 7𝑦5𝑥 = 7(2 + 𝑦)5𝑥 ≡ 0[7]𝑥 ≡ 0[7]𝑥 = 7𝑘𝑘 ∈ ℤ 𝑥7

• (𝐹) 𝑥 = 7𝑘𝑥(𝐹)5(7𝑘) − 7𝑦 = 14𝑦 = 5𝑘 − 2(𝑥; 𝑦)ℤ2(𝐹)(𝑥; 𝑦) ∈ {(𝑥 = 7𝑘; 5𝑘 − 2): 𝑘 ∈ ℤ}
F 

 / 𝑑 𝑑 =  𝑃𝐺𝐶𝐷(𝑥; 𝑦)𝑑|𝑥𝑑|𝑦𝑑|5𝑥 − 7𝑦𝑑|3𝑑 ∈ 𝐷3𝑑 ∈ {1; 3}
 / (𝑥; 𝑦)ℕ2{|𝑥 − 𝑦| ≤ 3𝑑 ≠ 1 𝑘 ∈ ℕ|𝑥 − 𝑦| ≤ 3|7𝑘 + 2 − 5𝑘 − 1| ≤ 3 −3 ≤ 2𝑘 + 1 ≤ 3 −4 ≤ 2𝑘 ≤ 2 −2 ≤ 𝑘 ≤ 1 𝑘 ∈ {0; 1}𝑘 = 0{𝑥 = 2𝑦 = 1 𝑃𝐺𝐶𝐷(2; 1) = 1 𝑘 = 1{𝑥 = 9𝑦 = 6 𝑃𝐺𝐶𝐷(9; 6) ≠ 1 (𝑥; 𝑦)ℕ2{|𝑥 − 𝑦| ≤ 3𝑑 ≠ 1(𝑥; 𝑦) ∈ {(9; 6)}
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ℤ6 

V) 

A 2150
2 5 5 43

2150 1075 215 43 12150 = 2 × 52 × 43
B 2510 2150 = 21 × 52 × 4312150(1 + 1)(2 + 1)(1 + 1) = 12
𝟒𝟑𝒏𝟓𝒏𝟐𝒏 4305020 4315121 52
𝟒𝟑𝒏𝟓𝒏𝟐𝒏 111 4352 25

𝐷2150 ∈
{  
   
   
  1 × 1 × 1;1 × 1 × 43;1 × 5 × 1;1 × 5 × 43;1 × 25 × 1;1 × 25 × 43;2 × 1 × 1;2 × 1 × 43;2 × 5 × 1;2 × 5 × 43;2 × 25 × 1;2 × 25 × 43}  

   
   
  

𝐷2150 ∈ {1; 2; 5; 10; 25; 43; 50; 86;215; 430; 1075; 2150 }
C 𝐷𝑀𝐷 =  𝑃𝐺𝐶𝐷(10750; 15050)𝐷 =  𝑃𝐺𝐶𝐷(10 × 1075; 10 × 1505)𝐷 = 10 ×  𝑃𝐺𝐶𝐷(1075; 1505)𝐷 = 10 × 215𝐷 = 2150𝑀 × 𝐷 = 10750 × 15050 𝑀 = 75250
D 

 / 𝑋1100

𝑋 > 1100{𝛼 × 𝑋 = 10750 𝛽 × 𝑋 = 15050 𝑋|10750𝑋|27600𝑋|𝑃𝐺𝐶𝐷(10750 ; 15050 )𝑋|2150𝑋 ∈ 𝐷2150𝑋 ∈ {1; 2; 5; 10; 25; 43; 50; 86;215; 430; 1075; 2150 }𝑋 > 1100𝑋 = 2150
 / 𝛼𝛽{𝛼𝑋 = 10750 𝛽𝑋 = 15050 {𝛼 × 2150 = 10750 𝛽 × 2150 = 15050 {𝛼 = 5𝛽 = 7

VI) 

A 2015(𝑆) {2015 = 3(671) + 22015 = 8(251) + 7{2015 ≡ 2[3]2015 ≡ 7[8]2015(𝑆)
B {𝑛 − 𝑛0 ≡ 0[3]𝑛 − 𝑛0 ≡ 0[8] ⟺ (𝑆)   𝑛 𝑛(𝑆){𝑛 ≡ 2[3]𝑛 ≡ 7[8] 𝑛0(𝑆){𝑛0 ≡ 2[3]𝑛0 ≡ 7[8]{𝑛 − 𝑛0 ≡ 2 − 2[3]𝑛 − 𝑛0 ≡ 7 − 7[8]{𝑛 − 𝑛0 ≡ 0[3]𝑛 − 𝑛0 ≡ 0[8]
C 𝑛(𝑆)𝑛 ≡ 23[24] {𝑛 ≡ 2[3]𝑛 ≡ 7[8]{8 × 𝑛 ≡ 8 × 2[8 × 3]3 × 𝑛 ≡ 3 × 7[3 × 8]{8𝑛 ≡ 16[24]3𝑛 ≡ 21[24]5𝑛 ≡ −5[24]𝑛 ≡ −1[24]𝑛 ≡ 23[24]

• (𝑆){𝑛 − 𝑛0 ≡ 0[3]𝑛 − 𝑛0 ≡ 0[8]2015(𝑆){𝑛 − 2015 ≡ 0[3]𝑛 − 2015 ≡ 0[8]𝑛 − 2015 ≡ 0[3 × 8]
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ℤ7 

𝑛 ≡ 2015[24]𝑛 ≡ 23[24]𝑛 = 24𝑘 + 23𝑘 ∈ ℕ
D 𝑌3 𝑌 ≡ 2[3]8 7𝑌 ≡ 7[8] {𝑌 ≡ 2[3]𝑌 ≡ 7[8](𝑆) 𝑌 = 24𝑘 + 23100 < 𝑌 < 130100 < 24𝑘 + 23 < 130100 < 24𝑘 + 23 < 1303.2 < 𝑘 < 4.45𝑘 = 4𝑌 = 24(4) + 23 𝑌 = 119
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